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Abstract :  Let 𝑅be a 2-torsion free prime ring and 𝐽 be a nonzero Jordan ideal of 𝑅. Let 𝐹 and 𝐺 be two generalized 

derivations with associated derivations 𝑓 and 𝑔, respectively, the main result  We that if 𝐹(𝑥)𝑥 − 𝑥𝐺(𝑥) = 0  for all 𝑥 ∈ 𝐽, 

then𝑅 is commutative and 𝐹 = 𝐺 or 𝐺 is a left multiplier and 𝐹 = 𝐺 + 𝑓. 
 

Index Terms – Prime Ring, Jordan Ideal, Subring, Homomorphism. 

I. INTRODUCTION 

 

Let 𝑅 will be an associative ring and 𝑍(𝑅) the centre of 𝑅. For any𝑥 , 𝑦 ∈ 𝑅,    the symbol [𝑥, 𝑦] and 𝑥𝑜𝑦 denote the Lie 

product 𝑥𝑦 − 𝑦𝑥and 𝑥𝑦 + 𝑦𝑥respectively.We recall that a ring 𝑅 is prime if for any 𝑎, 𝑏 ∈ 𝑅,   𝑎𝑅𝑏 = {0}  implies  𝑎 = 0 or 

𝑏 = 0. An additive mapping 𝑑: 𝑅 → 𝑅is called a derivation if 𝑑(𝑥𝑦) = 𝑑(𝑥)𝑦 + 𝑥𝑑(𝑦)hold for all𝑥 , 𝑦 ∈ 𝑅. 
In [4] Bresar introduced the definition of a generalized derivation: An additive mapping 𝐹 ∶ 𝑅 → 𝑅 is called a 

generalized derivation if there exists a derivation 𝑑: 𝑅 → 𝑅,called the associated derivation of 𝐹, such that 𝐹(𝑥𝑦) = 𝐹(𝑥)𝑦 +
𝑦𝐹(𝑦) , ∀𝑥 , 𝑦 ∈ 𝑅.The notion of generalized derivations covers both the notions of a derivation and of a left multiplier and  

an additive mapping satisfying 𝑓(𝑥𝑦) =  𝑓(𝑥)𝑦, ∀𝑥 , 𝑦 ∈ 𝑅. A ring 𝑅 is said to be 𝑛-torsion free, where 𝑛¹ 0 is a positive 

integer, if whenever 𝑛𝑎 = 0, with 𝑎 ∈ 𝑅, then 𝑎 = 0. An additive subgroup 𝐽is said to be a 𝐽ordan ideal of 𝑅if 𝑢𝑜𝑟Î𝐽 for all 

𝑢Î𝐽and 𝑟Î𝑅.  All ideal of 𝑅is a Jordan ideal of 𝑅 but the Jordan ideal need not be ideal..Anadditive subgroup𝑈 of 𝑅 is said 

to be a Lie ideal of 𝑅 if[𝑢, 𝑟]Î𝑈 for all 𝑢Î𝑈 and 𝑟Î𝑅. It is clear that if characteristic of 𝑅 is 2, then Jordan ideals and Lie 

ideals of 𝑅 are coincide.  

Several authors have proved commutativity theorems for prime and semi-prime rings admitting derivations of 

generalized derivations. It is worth mentioning that the investigation in this direction started with Posner in his famous paper 

[1] (see also the interesting work of Bresar[2]). Recently, in [5], EI-Soufi and Aboubakr proved the following result: 

Let R be a 2-torsion free prime ring, 𝐽 be both a nonzero Jordan ideal and a subring of 𝑅, and 𝐹 be a generalized 

derivation with associated derivation 𝑓. If one of the following properties holds:(𝑖)𝐹(𝑥)𝑥 = 𝑥𝑓(𝑥)(𝑖𝑖)𝐹(𝑥2) = 2𝐹(𝑥)𝑥 

(𝑖𝑖)𝐹(𝑥2) = 2𝑥𝐹(𝑥)(𝑖𝑣)𝐹(𝑥2) − 2𝑥𝐹(𝑥) = 𝑓(𝑥2) − 2𝑥𝑓(𝑥) 

For all  𝑥Î𝐽  then  𝐽Í Z(R). 
In [5, Example 3.8], they gave an example showing that the above result is not true in general if we assume that 𝐽 is only 

a subring of 𝑅. In this paper we show that in fact, then condition of 𝐽 being a subring is redundant. Indeed we prove this fact 

in a more general context. First, we focus on the generalization of the first assertion which is in fact our main result in this 

paper. As consequence we get generalization of other assertions. 

1. Preliminary results  

Let us begin with the following lemmas which will sometimes be used without explicit mention.  

Lemma 2.1 ( [7], 𝐿𝑒𝑚𝑚𝑎 2.4).If 𝐽 is a nonzero Jordan ideal of a ring 𝑅, then  

2[𝑅, 𝑅] 𝐽 Ì 𝐽 𝑎𝑛𝑑 2𝐽 [𝑅, 𝑅] Ì 𝐽. 
Lemma 2.2([7], 𝐿𝑒𝑚𝑚𝑎 2.6).Let 𝑅 be a 2-torsion free prime ring and 𝐽 be a nonzero  

Jordan ideal of 𝑅. If, for two elements 𝑎, 𝑏 Î 𝑅 , 𝑎𝐽𝑏 =  (0), 𝑡ℎ𝑒𝑛 

 𝑎 =  0 𝑜𝑟 𝑏 =  0. 
Lemma 2.3([7], 𝐿𝑒𝑚𝑚𝑎 2.7).Let 𝑅 be a 2-torsion free prime ring and 𝐽 be a nonzero   

Jordan ideal of  𝑅.If [𝐽, 𝐽]  =  0,then 𝑅 is commutative.  

 

Lemma 2.4([6], 𝑃𝑟𝑜𝑜𝑓 𝑜𝑓 𝐿𝑒𝑚𝑚𝑎 3).Let 𝑅 be a 2-torsion free prime ring and 𝐽 be a   

nonzero Jordan ideal of 𝑅. Then,4 𝑗2𝑅 Ì 𝐽 𝑎𝑛𝑑 4𝑅 𝑗2Ì 𝐽 , ∀  𝑗 Î 𝐽. 
 

Lemma 2.5([6], 𝑃𝑟𝑜𝑜𝑓 𝑜𝑓 𝑇ℎ𝑒𝑜𝑟𝑒𝑚 2.12). Let 𝑅 be a 2-torsion free prime ring and 𝐽 be a   

nonzero Jordan ideal of  𝑅. Then,4𝑗𝑅𝑗 Ì 𝐽  , ∀ 𝑗 Î 𝐽. 
 

We will also make use of the following basic commutator identities:  
[𝑥, 𝑦𝑧] = 𝑦[𝑥, 𝑧] + [𝑥, 𝑦]𝑧    and  [𝑥𝑦, 𝑧] = 𝑥[𝑦, 𝑧] + [𝑥, 𝑧]𝑦 

 

 

2. Main results  

 We prove  the following particular case of our main theorem.  

Lemma 3.1 Let 𝑅 be a 2-torsion free prime ring and two generalized derivations𝐹 and 𝐺 associated with 𝑓 and 𝑔 , 
respectively. If 𝐹(𝑥)𝑥 − 𝑥𝐺(𝑥) = 0  for all 𝑥 ∈ 𝑅, then one of the following condition satisfy:  

(1) 𝑅 is commutative and 𝐹 = 𝐺. 
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(2) 𝐺 is a left multiplier and𝐹 = 𝐺 + 𝑓.  

Proof. Let𝑅 be a 2-torsion free prime ring and two generalized derivations 𝐹 and 𝐺 associated with 𝑓 and𝑔 , respectively 

Assume that  

𝐹(𝑥)𝑥 − 𝑥𝐺(𝑥) = 0  for all 𝑥 ∈ 𝑅…………………………………………….(1) 

The linearization of (1) gives 

𝐹(𝑥)𝑦 + 𝐹(𝑦)𝑥 − 𝑥𝐺(𝑦) + 𝑦𝐺(𝑥) = 0  for all 𝑥, 𝑦 ∈ 𝑅………………………..(2) 

Replacing 𝑦 by 𝑦𝑥 in (2) we get 

𝐹(𝑥)𝑦𝑥 + 𝐹(𝑦𝑥)𝑥 − 𝑥𝐺(𝑦𝑥) + 𝑦𝑥𝐺(𝑥) = 0  for all 𝑥, 𝑦 ∈ 𝑅 

𝑦𝑓(𝑥)𝑥 − 𝑥𝑦𝑔(𝑥) − 𝑦𝑥𝐺(𝑥) + 𝑦𝐺(𝑥)𝑥 = 0   for all 𝑥, 𝑦 ∈ 𝑅………………….(3) 

Replacing 𝑟𝑦 by 𝑦 in (3) we get 

𝑟𝑦𝑓(𝑥)𝑥 − 𝑥𝑟𝑦𝑔(𝑥) − 𝑟𝑦𝑥𝐺(𝑥) + 𝑟𝑦𝐺(𝑥)𝑥 = 0   for all 𝑟, 𝑥, 𝑦 ∈ 𝑅……………..(4) 

 Left multiplying (3) by 𝑟 we get  

𝑟𝑦𝑓(𝑥)𝑥 − 𝑟𝑥𝑦𝑔(𝑥) − 𝑟𝑦𝑥𝐺(𝑥) + 𝑟𝑦𝐺(𝑥)𝑥 = 0   for all 𝑟, 𝑥, 𝑦 ∈ 𝑅…………….…(5) 

 Subtracting (5) from (4), we get 

𝑟𝑥𝑦𝑔(𝑥) − 𝑥𝑟𝑦𝑔(𝑥) = 0for all 𝑟, 𝑥, 𝑦 ∈ 𝑅 

( 𝑟𝑥 − 𝑥𝑟 ) 𝑦𝑔(𝑥) = 0for all 𝑟, 𝑥, 𝑦 ∈ 𝑅 

[𝑟, 𝑥] 𝑅𝑔(𝑥) = 0for all 𝑟, 𝑥 ∈ 𝑅………………………………………………….(6) 

 From the primeness of 𝑅, Equation (6) together with Brau’s trick force that 𝑅 is commutative or 𝑔 = 0. So, for the case 

where R is commutative, Equation (1) becomes 

( 𝐹(𝑥) − 𝐺(𝑥))𝑥 = 0  for all 𝑥 ∈ 𝑅, then    𝐹 = 𝐺. 

Otherwise , equation (4) becomes 

𝑟𝑦𝑓(𝑥)𝑥 − 𝑟𝑦𝑥𝐺(𝑥) + 𝑟𝑦𝐺(𝑥)𝑥 = 0   for all 𝑟, 𝑥, 𝑦 ∈ 𝑅…………………………(7) 

𝑓(𝑥)𝑥 − 𝑥𝐺(𝑥) + 𝐺(𝑥)𝑥 = 0   for all𝑥 ∈ 𝑅………………………………………..(8) 

𝑓(𝑥)𝑥 − 𝐹(𝑥)𝑥 + 𝐺(𝑥)𝑥 = 0   for all𝑥 ∈ 𝑅………………………………………..(9) 

( 𝑓(𝑥) − 𝐹(𝑥) + 𝐺(𝑥))𝑦 + ( 𝑓(𝑦) − 𝐹(𝑦) + 𝐺(𝑦))𝑥 = 0   for all𝑥, 𝑦 ∈ 𝑅………….(10) 

 The linearization of (9) gives  

        ( 𝑓(𝑥𝑡) − 𝐹(𝑥𝑡) + 𝐺(𝑥𝑡))𝑦 + ( 𝑓(𝑦) − 𝐹(𝑦) + 𝐺(𝑦))𝑥𝑡 = 0   for all𝑡, 𝑥, 𝑦 ∈ 𝑅……(11) 

 Right Multiplication of (10) by t gives  

( 𝑓(𝑥) − 𝐹(𝑥) + 𝐺(𝑥))𝑦𝑡 + ( 𝑓(𝑦) − 𝐹(𝑦) + 𝐺(𝑦))𝑥𝑡 = 0   for all𝑡, 𝑥, 𝑦 ∈ 𝑅…….(12) 

 Subtracting (12) from (11), we get 

( 𝑓(𝑥𝑡) − 𝐹(𝑥𝑡) + 𝐺(𝑥𝑡))𝑦 − ( 𝑓(𝑥) − 𝐹(𝑥) + 𝐺(𝑥))𝑦𝑡 = 0for all𝑡, 𝑥, 𝑦 ∈ 𝑅 …….(13) 

∴ ( 𝑓(𝑥) − 𝐹(𝑥) + 𝐺(𝑥))𝑡𝑦 − ( 𝑓(𝑥) − 𝐹(𝑥) + 𝐺(𝑥))𝑦𝑡 = 0for all𝑡, 𝑥, 𝑦 ∈ 𝑅 …….(14) 

 Replacing 𝑡 by 𝑡𝑟 we get 

       ∴ ( 𝑓(𝑥) − 𝐹(𝑥) + 𝐺(𝑥))𝑡𝑟𝑦 − ( 𝑓(𝑥) − 𝐹(𝑥) + 𝐺(𝑥))𝑦𝑡𝑟 = 0for all𝑟, 𝑡, 𝑥, 𝑦 ∈ 𝑅….(15) 

Right multiplying (14) by 𝑟 we get  

       ∴ ( 𝑓(𝑥) − 𝐹(𝑥) + 𝐺(𝑥))𝑡𝑦𝑟 − ( 𝑓(𝑥) − 𝐹(𝑥) + 𝐺(𝑥))𝑦𝑡𝑟 = 0for all𝑟, 𝑡, 𝑥, 𝑦 ∈ 𝑅 …….(16) 

Subtracting (16) from (15) we get 

       ∴ ( 𝑓(𝑥) − 𝐹(𝑥) + 𝐺(𝑥))𝑡𝑟𝑦 − ( 𝑓(𝑥) − 𝐹(𝑥) + 𝐺(𝑥))𝑡𝑦𝑟 = 0for all𝑟, 𝑡, 𝑥, 𝑦 ∈ 𝑅 

      ∴ ( 𝑓(𝑥) − 𝐹(𝑥) + 𝐺(𝑥)) (𝑡𝑟𝑦 − 𝑡𝑦𝑟) = 0for all𝑟, 𝑡, 𝑥, 𝑦 ∈ 𝑅 

      ∴ ( 𝑓(𝑥) − 𝐹(𝑥) + 𝐺(𝑥)) 𝑡(𝑟𝑦 − 𝑦𝑟) = 0for all𝑟, 𝑡, 𝑥, 𝑦 ∈ 𝑅 

      ∴ ( 𝑓(𝑥) − 𝐹(𝑥) + 𝐺(𝑥)) 𝑡[𝑦, 𝑟] = 0for all𝑟, 𝑡, 𝑥, 𝑦 ∈ 𝑅 ……………………………….(17) 

       ∴The primness of R together with (17) gives 𝑓 = 𝐹 − 𝐺 

 

Now, we are to prove our main result. 

Theorem 3.2: Let𝑅 be a 2-torsion free prime ring, 𝐽 be a nonzero Jordan ideal of𝑅and two  

generalized derivations 𝐹 and 𝐺 associated with 𝑓 and 𝑔 , respectively.  

If 𝐹(𝑥)𝑥 − 𝑥𝐺(𝑥) = 0  for all 𝑥 ∈ 𝐽, then one of the following condition satisfied : 

(1) 𝑅 is commutative and 𝐹 = 𝐺. 

(2) 𝐺 is a left multiplier and  𝐹 = 𝐺 + 𝑓.  

Proof: Let 𝑅 be a 2-torsion free prime ring, 𝐽 be a nonzero Jordan ideal of 𝑅 and two   

generalized derivations 𝐹 and 𝐺 associated with 𝑓 and 𝑔 , respectively.  

Assume that 

𝐹(𝑥)𝑥 − 𝑥𝐺(𝑥) = 0  for all 𝑥 ∈ 𝐽 …………………………………..(1) 

Case (i) 𝑍(𝑅) ∩ 𝐽 = {0} 

The linearization of (1) gives 

𝐹(𝑥)𝑦 + 𝐹(𝑦)𝑥 − 𝑥𝐺(𝑦) + 𝑦𝐺(𝑥) = 0  for all 𝑥, 𝑦 ∈ 𝐽 

Replacing 𝑥 by 2𝑥2 and 𝑦 by 4𝑦𝑥2 in (1 ), we get  

𝐹(2𝑥2)4𝑦𝑥2 + 𝐹(4𝑦𝑥2)2𝑥2 − 2𝑥2𝐺(4𝑦𝑥2) + 4𝑦𝑥2𝐺(2𝑥2) = 0  for all 𝑥, 𝑦 ∈ 𝐽 

𝑦𝑓(𝑥2)𝑥2 − 𝑥2𝑦𝑔(𝑥2) − 𝑦𝑥2𝐺(𝑥2) + 𝑦𝐺(𝑥2)𝑥2 = 0   for all 𝑥, 𝑦 ∈ 𝐽………………(2) 

 Substituting 2[𝑟, 𝑠]𝑦 in place of 𝑦 in (2), where 𝑟, 𝑠 Î 𝑅, we get  

2[𝑟, 𝑠]𝑦𝑓(𝑥2)𝑥2 − 𝑥22[𝑟, 𝑠]𝑦𝑔(𝑥2) − 2[𝑟, 𝑠]𝑦𝑥2𝐺(𝑥2) + 2[𝑟, 𝑠]𝑦𝐺(𝑥2)𝑥2 = 0    
for all 𝑟, 𝑠 ∈ 𝑅 , 𝑥, 𝑦 ∈ 𝐽 

[𝑟, 𝑠]𝑦𝑓(𝑥2)𝑥2 − 𝑥2[𝑟, 𝑠]𝑦𝑔(𝑥2) − [𝑟, 𝑠]𝑦𝑥2𝐺(𝑥2) + [𝑟, 𝑠]𝑦𝐺(𝑥2)𝑥2 = 0    
for all 𝑟, 𝑠 ∈ 𝑅 , 𝑥, 𝑦 ∈ 𝐽…………………………………………………………………(3) 
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[𝑟, 𝑠]𝑦𝑓(𝑥2)𝑥2 − [𝑟, 𝑠]𝑥2𝑦𝑔(𝑥2) − [𝑟, 𝑠]𝑦𝑥2𝐺(𝑥2) + [𝑟, 𝑠]𝑦𝐺(𝑥2)𝑥2 = 0    
for all 𝑟, 𝑠 ∈ 𝑅 , 𝑥, 𝑦 ∈ 𝐽……………………………………………………………………(4) 

Subtracting (4) from (3), we get 

[𝑟, 𝑠]𝑥2𝑦𝑔(𝑥2) − 𝑥2[𝑟, 𝑠]𝑦𝑔(𝑥2) = 0 
[[𝑟, 𝑠], 𝑥2]𝑦𝑔(𝑥2) = 0 

   2 2, ,r s x yg x    = 0 

∴ [[𝑟, 𝑠], 𝑥2] 𝐽𝑔(𝑥2) = 0 for all 𝑟, 𝑠 ∈ 𝑅 , 𝑥 ∈ 𝐽………………………………………..(5) 

By the primness of 𝑅 together with 𝐿𝑒𝑚𝑚𝑎 2.2, we find [[𝑟, 𝑠], 𝑥2] = 0  or 𝑔(𝑥2) = 0. Clearly, in both cases, we arrive at 

𝑔(𝑥2) = 0for all 𝑥 ∈ 𝐽, This implies that 𝑔 = 0 

(by [5, 𝐿𝑒𝑚𝑚𝑎 3]). Now, replacing y by 2[𝑟, 𝑢𝑣] 𝑥 in 

𝑦𝑓(𝑥)𝑥 − 𝑦𝑥𝐺(𝑥) + 𝑦𝐺(𝑥)𝑥 = 0  where 𝑥, 𝑦 Î 𝐽 and 𝑟 Î 𝑅, we get  

2[𝑟, 𝑢𝑣] 𝑥𝑓(𝑥)𝑥 − 2[𝑟, 𝑢𝑣]𝑥 𝑥𝐺(𝑥) + 2[𝑟, 𝑢𝑣] 𝑥𝐺(𝑥)𝑥 = 0   for all 𝑥, 𝑦 ∈ 𝐽 , 𝑟 Î 𝑅 

[𝑟, 𝑢𝑣] 𝑓(𝑥)𝑥 − [𝑟, 𝑢𝑣] 𝑥𝐺(𝑥) + [𝑟, 𝑢𝑣] 𝐺(𝑥)𝑥 = 0   for all 𝑢, 𝑣, 𝑥 ∈ 𝐽 , 𝑟 Î 𝑅……….(6) 

∴ [𝑟, 𝑢𝑣] 𝑓(𝑥)𝑥 − [𝑟, 𝑢𝑣] 𝐹(𝑥)𝑥 + [𝑟, 𝑢𝑣] 𝐺(𝑥)𝑥 = 0   for all 𝑢, 𝑣, 𝑥 ∈ 𝐽 , 𝑟 Î 𝑅 

∴ [𝑟, 𝑢𝑣]( 𝑓(𝑥)𝑥 − 𝐹(𝑥)𝑥 + 𝐺(𝑥)𝑥 ) = 0   for all 𝑢, 𝑣, 𝑥 ∈ 𝐽 , 𝑟 Î 𝑅…………………..(7) 

The fact that R is a non commutative prime ring forces that  

𝑓(𝑥)𝑥 − 𝐹(𝑥)𝑥 + 𝐺(𝑥)𝑥 = 0for all 𝑥 ∈ 𝐽 …………………………………………….(8) 

The linearization of (8) gives 

𝑓(𝑥)𝑦 − 𝐹(𝑥)𝑦 + 𝐺(𝑥)𝑦 + 𝑓(𝑦)𝑥 − 𝐹(𝑦)𝑥 + 𝐺(𝑦)𝑥 = 0for all 𝑥, 𝑦 ∈ 𝐽 …………..(9) 

Replacing 𝑦 by 2𝑦 [𝑟, 𝑢𝑣] in (9), we take, for all 𝑢, 𝑣, 𝑥, 𝑦 Î 𝐽 and 𝑟 Î 𝑅,  

𝑓(𝑥)2𝑦 [𝑟, 𝑢𝑣] − 𝐹(𝑥)2𝑦 [𝑟, 𝑢𝑣] + 𝐺(𝑥)2𝑦 [𝑟, 𝑢𝑣] + 𝑓(2𝑦 [𝑟, 𝑢𝑣])𝑥 − 𝐹(2𝑦 [𝑟, 𝑢𝑣])𝑥 + 𝐺(2𝑦 [𝑟, 𝑢𝑣])𝑥 = 0for all 

𝑢, 𝑣, 𝑥, 𝑦 ∈ 𝐽 , 𝑟 Î 𝑅 

 

𝑓(𝑥)𝑦 [𝑟, 𝑢𝑣]– 𝐹(𝑥)𝑦 [𝑟, 𝑢𝑣] + 𝐺(𝑥)𝑦 [𝑟, 𝑢𝑣] 
+𝑓(𝑦 [𝑟, 𝑢𝑣])𝑥 − 𝐹(𝑦 [𝑟, 𝑢𝑣])𝑥 + 𝐺(𝑦 [𝑟, 𝑢𝑣])𝑥 = 0for all 𝑢, 𝑣, 𝑥, 𝑦 ∈ 𝐽 , 𝑟 Î 𝑅 

𝑓(𝑥)𝑦 [𝑟, 𝑢𝑣]– 𝐹(𝑥)𝑦 [𝑟, 𝑢𝑣] + 𝐺(𝑥)𝑦 [𝑟, 𝑢𝑣] 
+𝑓(𝑦)[𝑟, 𝑢𝑣]𝑥 − 𝐹(𝑦)[𝑟, 𝑢𝑣]𝑥 + 𝐺(𝑦)[𝑟, 𝑢𝑣]𝑥 = 0for all 𝑢, 𝑣, 𝑥, 𝑦 ∈ 𝐽 , 𝑟 Î 𝑅 ..…(10) 

Right multiplying (9) by [𝑟, 𝑢𝑣] we obtain, for all 𝑢, 𝑣, 𝑥, 𝑦 Î 𝐽 𝑎𝑛𝑑 𝑟 Î 𝑅  we get  

𝑓(𝑥)𝑦[𝑟, 𝑢𝑣] − 𝐹(𝑥)𝑦[𝑟, 𝑢𝑣] + 𝐺(𝑥)𝑦[𝑟, 𝑢𝑣] 
+𝑓(𝑦)𝑥[𝑟, 𝑢𝑣] − 𝐹(𝑦)𝑥[𝑟, 𝑢𝑣] + 𝐺(𝑦)𝑥[𝑟, 𝑢𝑣] = 0for all 𝑢, 𝑣 𝑥, 𝑦 ∈ 𝐽 , 𝑟 Î 𝑅  ……..(11) 

Subtracting (11) from (10), we get, 

∴ 𝑓(𝑦)[𝑟, 𝑢𝑣]𝑥 − 𝐹(𝑦)[𝑟, 𝑢𝑣]𝑥 + 𝐺(𝑦)[𝑟, 𝑢𝑣]𝑥 − (𝑓(𝑦)𝑥[𝑟, 𝑢𝑣] − 𝐹(𝑦)𝑥[𝑟, 𝑢𝑣] + 𝐺(𝑦)𝑥[𝑟, 𝑢𝑣]) = 0 

∴ 𝑓(𝑦)([𝑟, 𝑢𝑣]𝑥 − 𝑥[𝑟, 𝑢𝑣]) − 𝐹(𝑦)([𝑟, 𝑢𝑣]𝑥 − 𝑥[𝑟, 𝑢𝑣]) + 𝐺(𝑦)([𝑟, 𝑢𝑣]𝑥 − 𝑥[𝑟, 𝑢𝑣]) = 0 

∴ ( 𝑓(𝑦) − 𝐹(𝑦) + 𝐺(𝑦) )([𝑟, 𝑢𝑣]𝑥 − 𝑥[𝑟, 𝑢𝑣]) = 0 

∴ ( 𝑓(𝑦) − 𝐹(𝑦) + 𝐺(𝑦) )[ [𝑟, 𝑢𝑣], 𝑥] = 0for all 𝑢, 𝑣 𝑥, 𝑦 ∈ 𝐽 , 𝑟 Î 𝑅  ……………..(12) 

Replacing 𝑥 by 2𝑥 [𝑠, 𝑡] where 𝑠, 𝑡 Î 𝑅, we obtain 

∴ ( 𝑓(𝑦) − 𝐹(𝑦) + 𝐺(𝑦) )𝐽[ [𝑟, 𝑢𝑣], [𝑠, 𝑡]] = 0for all 𝑢, 𝑣 , 𝑦 ∈ 𝐽 , 𝑟, 𝑠, 𝑡 Î 𝑅  ………..(13) 

Since R is a non commutative prime ring, we get  

        ∴ 𝑓(𝑦) − 𝐹(𝑦) + 𝐺(𝑦) = 0for all 𝑦 ∈ 𝐽 ………………………………………………(14) 

Replacing y by 4𝑟𝑦2in (14), where 𝑟 Î 𝑅, we get  

       ∴ 𝑓(4𝑟𝑦2) − 𝐹(4𝑟𝑦2) + 𝐺(4𝑟𝑦2) = 0for all 𝑦 ∈ 𝐽, 𝑟 Î 𝑅 

       ∴ ( 𝑓(𝑟) − 𝐹(𝑟) + 𝐺(𝑟)) 𝑦2 = 0for all 𝑦 ∈ 𝐽, 𝑟 Î 𝑅………………………………(15) 

       ∴ 𝑓(𝑟) − 𝐹(𝑟) + 𝐺(𝑟) = 0for all 𝑟 Î 𝑅 

∴ 𝐹 = 𝐺 + 𝑓 

Case (ii)      𝑍(𝑅) ∩ 𝐽 ≠ {0} 

  Let 0 ≠ z ∈ 𝑍(𝑅) ∩ 𝐽   and replacing 𝑦 by 2 𝑦𝑧 =  𝑦 𝑜 𝑧 in 𝐹(𝑥)𝑥 = 𝑥𝐺(𝑥), we get 

𝑦𝑥𝑓(𝑧) = 𝑥𝑦𝑔(𝑧) for all  𝑥, 𝑦 ∈ 𝐽……………………………………………(16) 

   
Replacing y by 2 [𝑟, 𝑠] y in (16), where 𝑟, 𝑠 Î 𝑅, we get  

 [𝑟, 𝑠]𝑦𝑥𝑓(𝑧) = 𝑥[𝑟, 𝑠]𝑦𝑔(𝑧) for all  𝑥, 𝑦 ∈ 𝐽, 𝑟, 𝑠 Î 𝑅……………………………(17) 

Left multiplication of (16) by [𝑟, 𝑠)] gives 

[𝑟, 𝑠)]𝑦𝑥𝑓(𝑧) = [𝑟, 𝑠)]𝑥𝑦𝑔(𝑧) for all  𝑥, 𝑦 ∈ 𝐽, 𝑟, 𝑠 Î 𝑅 …………………………………(18) 

Subtracting (18) from (17), we get 

𝑥[𝑟, 𝑠]𝑦𝑔(𝑧) − [𝑟, 𝑠)]𝑥𝑦𝑔(𝑧) = 0 for all  𝑥, 𝑦 ∈ 𝐽, 𝑟, 𝑠 Î 𝑅 

[ [𝑟, 𝑠] , 𝑥 ]𝑦𝑔(𝑧) = 0 for all  𝑥, 𝑦 ∈ 𝐽, 𝑟, 𝑠 Î 𝑅 

[ [𝑟, 𝑠] , 𝑥 ]𝐽𝑔(𝑧) = 0 for all  𝑥 ∈ 𝐽, 𝑟, 𝑠 Î 𝑅 …………………(19) 

Since 𝑅 is a prime ring, Equation (19) forces that 𝑅 is commutative of 𝑔(𝑧)  =  0.In this case where 𝑅 is commutative 

we get, 𝐹 =  𝐺. Otherwise, (16) forces that 𝑓(𝑧)  =  0. So replacing in (1) 𝑥 by 2𝑟𝑧, where 𝑟 Î 𝑅, we get 

   
 𝐹(𝑟)𝑟 = 𝑟𝐺(𝑟)  for all        𝑟 Î 𝑅 ……………………………………………(20) 

Therefore, using Lemma 3.1 together with (20), we get the desired result.  

 As consequence of our main result we extend some results of [4] in more then, for any homomorphism of right R-

modules ℎ ∶  𝑅 ® 𝑅 and any nonzero integera,a𝐹 +  ℎ is a generalized derivation associated to the derivation af. Applying 

this to Theorem 3.2, we get the following. 
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Corollary 3.3. Let 𝑅 be a 2-torsion free prime ring, J be a nonzero Jordan ideal of R and two generalized derivations 𝐹 and 𝐺 

associated with 𝑓 and 𝑔, respectively. Then, for any homomorphism of right 𝑅-modules ℎ: 𝑅 → 𝑅 and any nonzero integer a, 

if𝐹 (𝑥) 𝑥 −  a𝑥𝐺(𝑥)  =  ℎ𝑠(𝑥) for all 𝑥 Î 𝐽, then one of the following holds. 

(1) 𝑅 is commutative and 𝐹 =  a𝐺 +  ℎ. 

(2) a𝐺 is a left multiplier and 𝐹 =  a𝐺 +  ℎ +  𝑓.  

For instance if we take (in Corollary 3.3) ℎ =  b 𝑖𝑑𝑅 (where 𝑖𝑑𝑅 is the identity map on 𝑅 and b is an integer), then we get the 

following result:  

Corollary 3.4. Let 𝑅 be a 2-torsion free prime ring, J be a nonzero Jordan ideal of R and two generalized derivations 𝐹 and 𝐺 

associated with 𝑓 and 𝑔, respectively. Then, for any two integers a¹ 0 and b, if 𝐹(𝑥) 𝑥 −  a𝑥𝐺(𝑥)  =  b𝑥2 for all 𝑥 Î 𝐽, then 

one of the following holds:  

(1) 𝑅 is commutative and 𝐹 =  a𝐺 + b 𝑖𝑑𝑅. 

(2) a𝐺 is a left multiplier and 𝐹 =  a𝐺 +  b 𝑖𝑑𝑅  +  𝑓. 

Now we give the first desired result which is a generalization of [4, Theorem 3.7]  

Corollary 3.5: Let 𝑅 be a 2-torsion free prime ring, J be a nonzero Jordan ideal of R and two generalized derivations 𝐹 and 𝐺 

of 𝑅 associated with 𝑓 ≠ 0 and 𝑔, respectively, such that 𝐺(𝑥2)  =  2𝑥𝐹(𝑥) for all 𝑥 Î 𝐽, then 𝑅 is commutative and 2𝐹 =
 𝐺 +  𝑔. 
Proof. By hypothesis, 

𝐺(𝑥2) + 𝑥𝑔(𝑥)  =  2𝑥𝐹(𝑥)for all 𝑥 Î 𝐽 

 Then 𝐺(𝑥)𝑥 − 2𝑥𝐹(𝑥) = −𝑥𝑔(𝑥) for all 𝑥 Î 𝐽 

Therefore, the result using Corollary 3.3  

 

Corollary 3.6. Let 𝑅 be a 2-torsion free prime ring, J be a nonzero Jordan ideal of R and two generalized derivations 𝐹 and 𝐺 

of 𝑅 associated with 𝑓 ≠ 0 and 𝑔 ≠ 0 , respectively,, respectively such that𝐹(𝑢2) −  2𝑢𝐹(𝑢) = 𝐺(𝑢2) − 2𝑢𝐺(𝑢)for all 

𝑢 Î 𝐽, then 𝑅 is commutative and 𝐹 –  𝐺 =  𝑓 –  𝑔. 
Proof. By hypothesis, 

𝐹(𝑢2) −  2𝑢𝐹(𝑢) = 𝐺(𝑢2) − 2𝑢𝐺(𝑢) for all 𝑢 Î 𝐽 

Since F and G are additive maps, above equation can be rewritten as follows. 

( 𝐹 − 𝐺 )(𝑢2) = 2𝑢( 𝐹 − 𝐺 )(𝑢) for all 𝑢 Î 𝐽 

If we set 𝐾 =  𝐹 –  𝐺, we get 𝐾(𝑢2)  =  2𝑢 𝐾(𝑢) for all 𝑢 Î 𝐽. Then by Corollary 3.5, we obtain the result.  

 Now our aim to give a generalization of [4, Theorem 3.6]. As done before we prefer at first giving the following general 

result. 

 Also, as before, if we consider a generalized derivation 𝐹 associated to a derivation, 𝑓, then, for any homomorphism of 

left 𝑅-modules ℎ: 𝑅 → 𝑅and any nonzero integera,a𝐹 +  ℎ is a generalized derivation associated to the derivation 

a𝑓.Applying this to Theorem 3.2, we get the following . 

Corollary 3.7. Let 𝑅 be a 2-torsion free prime ring, 𝐽 be a nonzero Jordan ideal of 𝑅 and two generalized derivations 𝐹 and 𝐺 

associated with 𝑓 and 𝑔, respectively. Then, for any homomorphism of left 𝑅-modules ℎ: 𝑅 → 𝑅 and any nonzero integer a, 

if 𝐹 (𝑥) 𝑥 −  a𝑥𝐺(𝑥)  =  ℎ(𝑥)𝑥 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 Î𝐽, then one of the following holds: 

(1) 𝑅 is commutative and 𝐹 –  ℎ =  a𝐺. 

(2) a𝐺 is s left multiplier and 𝐹 –  ℎ =  a𝐺 +  𝑓.  

As a consequence we get the following generalization of [4, Theorem 3.6]. 

         Corollary 3.8.Let 𝑅 be a 2-torsion free prime ring and 𝐽 be a nonzero Jordan ideal of 𝑅. If there are generalized derivations        

         𝐹 and 𝐺 of 𝑅 associated with derivations 𝑓 and𝑔 ¹ 0, respectively, such that 𝐺(𝑥2)  =  2𝐹(𝑥) 𝑥 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 Î 𝐽, then R is      

         commutative and 2𝐹 =  𝐺 +  𝑔.  
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